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Abstract:

This paper is a new onset about production functions. Because all papers on this subject use
the projections of production functions on a plan, the analysis becomes heavy and less general in
conclusions, and for this reason we made a treatment from the point of view of differential geometryin
space.

On the other hand, we generalise the Cobb-Douglas, CES and Sato production functions to a
unique form and we made the analysis on this.

The conclusions of the paper allude to the principal directions of the surface (represented by
the graph of the production function) i.e. the directions in which the function varies the best. Also the
concept of the total curvature of a surface is applied here and we obtain that it is null in every point,
that isall points are parabolic.

We compute also the surface element which is useful to finding all production (by means the
integral) when both labour and capital are variable.
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1. INTRODUCTION

Let aproduction function Q=Q(K,L) where:

e Q=product;
e K=capitd;
o L=labour

The function Q:R.xR. - R, must satisfiy the conditions:
1. Q(0,0)=0;
2. Qisdifferentiable of order 2 in any interior point of the production set;

3. a—QzO,a—QzO;
oK oL

2 2
o 72,09,
oK oL

5. Qisahomogenous function of degree 1, that is Q(tK tL)=tQ(K,L) OtOR
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The meaning of the first condition isthat at a vanishing of one factor the product is null.
The second condition is useful just for mathematical calculus.
The third means that at an increase of one factor (Iabour or capital) the product also grow.

The fourth, because the second derivative is the speed of variation of the first, means that the
product has a slower speed when one factor becomes constant and the other varies.

The graph representation of a production function is a surface.

Let:

2 2 2
p:a_Q’q:a_Q,r:aQ,szaQ’t:aQ_
JaL oK oL’ oLoK K?

For a constant value of one parameter we obtain a curve on the surface. For exemple:
Q=Q(K,L) or Q=Q(K,,L) are both curves on the production surface. They are obtained from the
intersection of the plane L=L, or K=Kq with the surface Q=Q(K,L).

The curvature of a curve isfrom an elementary point of view the degree of deviation of the
curverelativeto astraight line.

In the study of the surfaces, two quadratic forms are very useful.
The first fundamental quadratic form of the surfaceis:

g=EdL+2FdL dK +GdK 2

where:
+  E=1+p%
+ F=pag;
. G=1+¢".

The areaelement is do=+/ EG - F* dKdL and the surface area A when (K,L)R (aregionin
the plane K-O-L) is A= [[dodKdL .
R

The second fundamental form of the surfaceis:
h=AdL%+2udLdK +vdK?

where:
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J1+p*+q° '

Considering the quantity 3=Av-p? we have that:

. V=

e If 0 in each point of the surface, we will say that it is eliptical. Such surfaces are the
hyperboloid with two sheets, the eliptical paraboloid and the elypsoid.

* If 8<0in each point of the surface, we will say that it is hyperbolic. Such surfaces are the the
hyperbolid with one sheet and the hyperbolic paraboloid.

e If 8=0in each point of the surface, we will say that it is parabolic. Such surfaces are the cone
surfaces and the cylinder surfaces.

Considering a surface S and an arbitrary curve through a point P of the surface who has the
tangent vector v in P, let the plane Ttdetermined by the vector v and the normal NinP at S. The

intersection of Ttwith Sisacurve C, named normal section of S. Its curvatureis called normal
curvature.

Figure-1: The normal section of acurve

If we have adirection mzj—:; in the tangent plane of the surface in an arbitrary point P we

have that the normal curvatureis given by:

Am® +2um+v

k(m=—————"—
(m) Em? +2Fm+ G

The extreme values k; and k; of the function k(m) call the principal curvatures of the surface
in that point. They satisfy also the equation:

(EG-F?)K?-(Ev-2Fu+GA)k+(Av-p?)=0
The values of m who give the extremes call principal directionsin that point.
They also satisfy the equation:

(Ep-FA)m?+(Ev-GA\)m+(Fv-Gu)=0
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or

(Es-Fr)m?+(Et-Gr)m+(Ft-Gs)=0

The curve 3—:; =m (where m is one of the principa directions) is called line of curvature on

the surface. On such a curve we have the maximum or minimum variation of the value of Qina
nei ghbourhood of P.

The quantity K=k;k, is named the total curvature in the considered point and H:m is

named the mean curvature of the surface in that point.

We have therefore:
— 2 —
:)\v i andH:EV 2Fu + GA
EG-F? EG-F?

A surface with K=constant call surface with constant total curvature and if H=0 call minimal
surface.

Considering now in the tangent plane Ttat the surface in a point P adirection m, if
Am*+2um+v=0 we will say that mis an asymptotic direction, and the equation:
dL dL

2
}\(R) + ZMR +v =0 givesthe asymptotic curves of the surface in the point P.

2. THE GENERAL PRODUCTION FUNCTION

L et the production function:

KoLP

Q:AW,

a,3,p0[0,1], R, e+y£0

= For w=0, y,g,p=arbitrary, a,[0,1] we have the Cobb-Douglas function: Q:AK“LB;

1

=  For a=0, =0, oo:% we have the CES function: Q=A (yK* + sL”)E ;

K?L?

* Fora=2, =2, p=3 and w=1 we have the SATO function: Q=A ———..
yK*® +elL

In order to have a homogenous function of degree 1, we have that: Q(tK ,tL)=tQ(K,L) OtOR

We have therefore:
ap B
Q(tK tL)= A t“*f‘-mm = """ Q(K L) = a+B-pw=1.
In consequence: w= a+p-1 and the general expression of Q will be:
p
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Q_A KGLB GB 0
=A —————57 » a,B,pU[0,1], e+y#0

(yKP +SLP) p

We have now:

P P
0 o y(a - pw)K? + ael
ak AL ey

AKLP

Because (YK? +¢€L?)“= we obtain:

:a_Q:Q 1-PB)yK*® +oel’
a oK K(yK® +¢eL?)

Through analogy:

_0Q _ (1-q)el® +ByK’
oL L(yK® +£LP)

With the upper relations we have now:

=209 @ __ a(1-a)eiL Prey(p-D o1y 2aBKLPHB(L-BV]

TOKZ T KA(YK® +£LP)

=09 Qoo Pre(p-D(ortB-1)+20BIKLPHB(L-BIK?]

T2 LA(YKP +el)

=0Q - Q 14(1.)el eeyl(p-1)(a B 20BIKLPHB(1-B) K]

oKL  KL(YK® +¢€L?)

L et note now:

Pa(1-0)e"L P+ey{(p-1)(a+B-1)+20BIKLP+B(L-B)Y K™

U=(1-a)eL+ByK"
V=0eL+(1-B)yK"
from where:
U+V=eLP+yKP.

If a+B-12£0 we have:

KP:M and Lp:w .
1-a-P)y 1-a-P)e
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We have now:

0Q__ QU |

oL LU+V)’

_90Q__ Qv |

oK KU+V)’

U2
E=1+p=1Q (U vy

v
F=pa=Q kL (U +Vv)?:

V 2
C=1r =1+ G U 4y

2112 2\/72
With A=1+p2+q2=1+Q2 < L *EV e have:
K2L2(U +V)

)\:L u:i V:L
NN/ N/

- QP __ QP e P
KZ(U+V)*'  L*(U+V)>'~ KLU+V)*

QZ(KZUZ + L2v2)

After an computing we have EG-F>=1+
easy Computing KZL2(U +V)?

from where;

dO_ \/KZLZ(U +V)2+Q2(K2u2+L2v2)
KL(U +V)

dKdL

and the surface areawill be compute by:

dKdL

A_J.J.\/KZLZ(U +V)2+Q2(K2U2+L2v2)
R KL(U +V)
The principal directionswill be given by:

KALAU+V)*+ QU+ Q?UV]m*+K L[-L2(U+V)*- QUK A U+V)+Q*V?m-
LKA (U+V)*+Q*V*+Q°UV]=0

from where;

_L _ L (U+V)K2+VQ2
m=—, My=-— > > -
K K (U+V)L*+UQ
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For adirection m we have:

_AMP+2um+v QPLK(U +V)
Em2+2Fm+G \/KZLZ(U+V)2+Q2(K2U2+L2V2)
-K’m?+2KLm-L?
K2[L*(U +V)? +Q2U’Im’ + 2KLQ?UVm + L[K2(U + V)2 + Q°V’]

k(m)

L (U+V)K*+VQ’
K (U+V)L*+UQ?

For mlzﬁ we have that k;=k(m;)=0 and for m,=- we have ky=k(m,)=

] QPLK(U +V)
\/KZLZ(U+V)2+Q2(K2U2+L2V2)

[(U+V)K?+VQ’]* +[(U +V)K?* +VQ’[[(U + V)L + UQ’] +[(U + V)L* + UQ°]*
[L*(U+V)* + Q*U?][(U + V)K* +VQ]* - 2Q°UV[(U + V)K* + VQ?][(U + V)L* + UQ*] +
[K*(U+V)*+Q*V?][(U +V)L* + UQ*]*
curvature of the surface is K=k;k,=0.

The totd

The mean curvatureis also;

Ho EV-2FU+GA KLQP(U +V)(L2 +K?+Q?)
2EG-F) 2 [KEL2(U+V)?+ QKPUZ + V7]

We obtain that the production surface is with null total curvature but it is not minimal in any
point.

Theline of curvature equation is:

(Ep-FA) (g—:;jz +(Ev-GA) (g—:;j +(Fv-Gp)=0

Like at upper, we obtain easy that:

AL paris 329K —ek with cO(0,00)
dK K L K
respectively:

2(a+p-1)
dL_ L (eLP+yKOKI(YK +el?) P +(ael? + (L-B)YK*)AK™L”

dK K 2(a+p-1)
(EL® +YKP)LA(YKP +€L?)  °  +((1-a)el’® +ByKP)AK™ L

The asymptotic directions satisfy:
AM*+2um+v=0
that is:

rm>+2sm+t=0
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from where:
-K2m?+2K Lm-L?=0 therefore m1:m2:% .
The asymptotic curves have the equation:
dL , e ,
K =m (with m asymptotic direction) therefore they are: L=CK with C[I(0,).

3. APPLICATIONSFOR THE COBB-DOUGLASFUNCTION

For the Cobb-Douglas production function, that is for a+p=1, y=1, €=0, p=1 we have:

U=BK

V=aK

U+v=K

P=apK?

m1:£, mZ:-L K? +aKA’K*L* _ K+aA’K* L
K K KL®+BKA’K®L® L +BA’K>L**

and denoting with gz% the endowment with capital we obtain:

m=L me-glt OAT"
Tgl T T1epAgt
k]_:O

ko= QapBKL

s \/K2L2+Q2(B2K2+02L2)

[K? +aQ°T" +[K” + aQFJ[L’ +BQ7] +[L* +BQ°T
[+ QBIIK? + aQ7T ~ 2Q7aBIK? + aQFI[L? + BQ] +[K* + QPo][L* + BQ°

Thetota curvature of the surface is K=k;k,=0 and the mean curvatureis:

e apLQ(L? + K2 + Q)
2\/K2L2+Q2[B2K2+02L2]3
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