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Abstract: Production functions are an essential tool for gsialof production processes. The indicators of
marginal production, marginal rates of substitutielasticities of production and the marginal étatst of
technical substitution characterized, from différpoint of view, the behavior of the production endhe
action of factors of labor or capital. This papeegents a new way of determining using the firsieor
differential equation of Bernoulli type, giving als useful tool for the creation of new productionctions.
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1Introduction

In the analysis of production processes, fundanigritaportant are the production functions, which
are accompanied by a series of indicators thatigeouseful information in the economic analysis.
The production functions approach can be basedamtigal needs ([10]) or on the conditions of their
indicators ([1], [3], [9], [11], [12], [13]). Anotér approach can be done in terms of purely geoenetri
properties ([4], [5]), but also through the genieetion of existing functions and then putting in
obviousness their common characteristics ([6].. [8])

In this paper, we will broach the problem of detieing the main indicators from a different point of
view. Even if they come from different economicalnsiderations, we will construct a first-order
differential equation of Bernoulli type, whose di@énts will allow the immediate determination of
those indicators.

At first glance, the question arises: how to usehsan approach? The problem has an immediate
response, although not very visible. The differ@reguation, by assigning different expressiorthéo
composing functions, can be a true generator afymtion functions!

Let therefore a production function Q) - R, (K,L) - Q(K,L) homogeneous of first degree.

Let note, alscxz% - the technical endowment of labor. We have:

QK,L)= Q(L%, Lj = LQ(% ;Lj ~L@(X)

where gg)=Q(X,1).

The partial first-order derivations of Q, are ohtad easily:
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QK,L) _, 990 _, 9a(X) ox
oK oK ax oK

:Lq’(x)% =q'(X)

OQ(K, L) _9(La(X)) _ 4y 1 99X ax
oL TR ox =q(x)-Lg (x)
Since the production function is strictly increagin each variable, results:

QK.L) L UK, L)

=q(X)-xa'(X)

>0 therefore: qX)>0 and gf)-xq’(x)>0. The function q is strictly increasing

oK oL
and IX) Notlng y)=—22 AKX follows that: y§()<—
a0 X a(x)

We have now:

0Q*(K,L) _ _0q'(x) _0q'(x) ox _
oK? oK ax oK L

QK L) _0g'(x) _0d (00X __ K v L.,
oKoL oL  ox oL qu(X)— qu (x)

Q2(K, L) _ (a0 —xa' (x)) _ 8(atx) —xa' () 9 _ K _ or_ o
az oL ox PR (X)_ a0

La')

The second differential of Q is:
1. 2 . " "
Q==d" (K - =xa" (dKdL + = x2 (x)dL? = q (x)(dK - xdL)’

Since the function Q is concave, we haf@<D, therefore q’X)<0 that is g is concave.

The conditions to be fulfilled for the existencetloé production function are therefore:

a(x)>0, g'(x)>0, 0<y(x) < % , 9"(x)<0
q" ()ak) - g” (x) _ 9" (x)
9%(x) a(x)

{ q'(x) = gx)y(x)
q"(x) = q(x)(y'(x) + yz(x))

Let us note now thaty'(x) = -y?(x) therefore:

X _
q(x)

The main indicators associated with the produdiimation are:

Also: y'(x) = y*(x) <0 or else: yR)(g(X)+h(x)y(x))<0 from where: g{)+h(x)y(x)<0.

» thelabor productivity:
K,L
Q( ) _ a0

» theproductivity of capital:

e QK.L) _A00
K X
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* themarginal production of labor:

L:—w(K'L): ya'(y)= 1- M\J: 1-
Ne=—"==a(0Xq (X) q(x)[ X0 aix)L-xy(x))

» themarginal production of capital:

_0Q(K, L) _ .
M= a'(x)=y(x)ax) ;

» themarginal rate of substitution between K and L:

RMS(L,K):n—L:M— _ 1
N«  d(x) y(X)

» themarginal rateof substitution between L and K:

X

RMS(K, )=k = 900 _ ¥ .
e a0-xa ) 1-xyx)

» theoutput dasticity with respect to capital:

ge= e XAy

» theoutput easticity with respect to the labor:
sL:\?v—LL :1-%)%() =1V
» thedasticity of marginal rate of technical substitution:
ORMYK, L)
o _ xawa'e0  _xlveo+yiw)

RMSIK,L) g ()at) -xa'())  yx)L-xyx))
X

2. General Mathematical Results

o=

Lemmal

Let a function y:(G») - R, of class €and the equation:

Y (X)=90)y()+hx)y*(X)
where g,h:(G») - R, continous on (&), )I(irpoy(x) =oo, Then:

jg(t)dt
eO

yX)=-————
X [ttt
[heE® ds
0

Proof. With the substitution y():i , we have:y'(x) =- ZZ(X) from where:
z(X) z°(x)

Z(x) = —9(x)z(x) — h(x)
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Let the attached homogeneous linear equatify) = —g(x)z(x) - Because% =—g(x)dx follows:
z

Inz:—j g(x)dx + C therefore: z=Ce %%  Applying the method of variation constants and

considering z(X) = C(x)e’9%% we obtain, after replacing in the linear equation:
C'(x)e 9% =—n(x) from where:C(x) = —[ h(x )¢’*®*dx + D therefore:

2(x) = e—Ig(x)dx(D - h(x)ejg(x)dxdx)’ DOR

Finally:

efg(x)dx
= , DOR
y(X) D _J h(x)e[g(x)dxdx

X

jg(t)dt

0
Writing the above relationship as: xy€ ©

: , DOR we have: lim y()():i:oo
X [ ot X-0 D

D-[h@e ds
0

therefore D=0. We have now the desired formula:

jg(t)dt
eO
y(x)=- :

X [atdt

[heE® ds

0
Q.E.D.
Lemma 2
Considering a function q:@®)-~R, gq of class € and y:(0w)-R, y(x):% such that:

)j;g(!)dt

.
)j( h(s)eg’g(l)mds
Y'(X)=9X)y(X)+h(x)y*(X) then: q(x) =Ge ° , GOR..
ot faoat
A vy e : : e
Proof. After lemma 1, we have™—"~=y(x)=—-——— therefore:(Inq(x)) = ——
ax) X [a(tyat X [a(tyat
[heee  ds [heee  ds
0 0
Tg(t)dt

from where:Inq(x) = —jefdx +G and, finally:

(tdt

X g
[hee”  ds
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X
Jg(ydt
g0

&
X Ta(vydt
] h(s)e® ds

a(x)=Ge °© , GOR.
Q.E.D.

3. The Characterization of Economic Indicators with Bernoulli Type Differential
Equations

Theorem 1
Consider a production function Q¢9?-R., (K,L)-Q(K,L) homogeneous of first degree,

q(x)=Q(x,1) WhereX:E and YQ():M _
L q(x)

1. 0 is the elasticity of marginal rate of technical bstitution if and only if:

y'(x) = %y(x) ~(o+1)y*(x);

2. If & is the elasticity of production in relation to tbapital then:y'(x) = & (X) y(X) - ! y2(X)
ek (X) ex(X)
f'(X)

. Conversely, ify'(x) =Wy(x) —%yz(x) theng, =f(x);

3.1f ¢ is the |elasticity of production in relation to thelabor then:

yo=-——2% yay- I 20 conversely, ify'(x)=-— %) y(x)-—~ _y2(x) then

1-g.(X) 1-g.(X) 1-f(x) 1-f(x)
g =f(x);
4. If RMS(K,L)=r(x) is the marginal rate of substitution between Ldal then: y'(x)=

[ ") _1},20() . Conversely, ify'(x) = ( rx) —1Jy2(x) with lim f (x) =o0 then RMS(K,L)= (x) ;
r*(x) f2(x) x-0

5. If RMS(L,K)=r(x) is the marginal rate of substitution between Kd abh, then: y'(x)=
~(r'(x) +2)y2(x) . Conversely, if:y'(x) = =(f'(x) +1y?(x) with f(0)=0 then RMS(L,K)# (x) .

Proof.

1. Fromo= XV (X) * ALY follows: X(y'(x) + yz(x)) =oy(x) — oxy*(X) from where:
yOO(L-xy(x))

y'(X) =§y(x) —(o+1)y*(x) . Conversely, if:y'(x) = %y(x) —(a+2)y*(x) then:

() = ax)Y(X)
q'(x) = q(x)y(x)(% - ay(x)]

Xa00a" () _
g x)(ax) - xa'(x))

therefore.o=
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2. Fromeg=xy(x) follows: y(x):sKT(X) from where:

)= K(X)X e (X) _ — & () _ &) _ — & ()

y'(x » et y(x) - e (x )y “(X)-
Conversely, if:y'(x) = f((x)) Y0010 )y 2(x) then, for gX)—% h)= - m we have: j g(t)dt =
jwdt =In f(s)-In f(0) and:
Jatwa nf 00 f(x)
=€ e f((?@ . f(:)zs) - f(x) f()z()
j h(s)e!)g(t)dtds I hge "Ods f h(S)f(o)d I m f(eds

Becausex=xy(x) follows: g=f(x).

3. Howe +e¢=1 follows: sK'(x) =-¢,'(X) therefore, from 2:

P T 0. R __ '
y0)=-12 e 00 y(X) L(X)y ?(x) - Conversely, If:y'(x) - (X)y(x) - f o’ ?(x) then,

0 1 -
how gf)=- 1=t h(x)=- =100 we have:
ot e— T O o t@-f®) o 1210
Jade =] 5 4 I1 i) "N iore A

(0 1-f(x)

1-f(0) - —
Yoo == X - nfe X X f(gzs) :X 11 ~ :1 :((X)'

1-f (O —
jh(s)e Ods Jh(s)1 0" {1_ f(s)(l f©)ds
We have butg =1-xy(X)=f(x).
_ _ y(X) : _ X :
4. From r—RMS(K,L)m follows: y(x) -m . We have:
vy = FOOI) +2) = rO(re0) +xr' (00) _ r'x) = r*(x) :( r'(x) _1J 2
Y (0 +1 T AT R
Conversely, if:y'(X) = (f () JYZ(X , - ) -1lwe have:JS' g(t)dt =0, and:
“(x) f2(x) 0

Tg(t)dt L L

yoo=-— — =- S —

t)dt ¥ 1 f'e _ 1
}h(s)eig”dds J hieds f( j"s 00X
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1
1
But RMS(K,Ly=—YX) = T(X) =f(x).
=Xy oy 1
Loy
f(X)
5. From r:RMS(L,K):i —-x follows: y(x) = . We havey'(x) = __ o+ =
y(x) r(x) +X (r(a) +x)?

orx 1
(ro0+x)?  (r0 +x

Conversely, if:y'(X) = —(f'(x) +1)y2(x) , we have: g{)=0, h(x):—(f'(x) +1) from where:

7 -(ro0 +2y° ().

. Tg(t)dt

[o(dt=0 and:y()=-——=——+ -1 =f(x)1+ . But RMS(L,K)=
(t)dt .

0 ih(s)eog ds !)h(s)ds !)(f () + Ids

1

—— —x=f(x).

Y0 X =f(X)

Q.E.D.

Theorem 2

Consider a production function Q¢9?-R., (K,L)-Q(K,L) homogeneous of first degree,

ax)=Q(x.1) WhereX=5 and yﬁ()=M _
L q(x)

1. If o is the elasticity of marginal rate of technicabstitution then g,h:(0g) — R, continous on
(0.), Xg(X)=0, h(x)=-0-1 such thaty'(x) =g(x)y(x) + h(x)y*(x). Conversely, ifd g,h:(0s) - R,
continous on (), h(x)=-xg(x)-1 such thaty'(x) = g(x)y(x) + h )¥ X Xhen:o=xg(x).

2. If & is the elasticity of production in relation to thepital thend g,h:(0¢) - R, continous on

0). g60="%  heo=——1 such that y'() =gx)y(X) +hQy(X). Conversely, if O
£ (X) £ (X)
g.h:(0g) R, continous on (&), g(x) =-{(Inh(x))" such thaty'(x) =g(X)y(x) + h(X)y*(x) then:
__ 1
“ hx)

3. If g is the elasticity of production in relation to tlador thendg,h:(0) — R, continous on (&),
g’ , .
g00=-— % ne=- such that y'(x) =g(X)Y(X) + h(X)y*(x). Conversely, if

1-g.(X) 1-g (x)
g.,h:(0%) ~ R, continous on (&), g(x) =~(Ifh(x))" such thaty'(x) =g(X)y(x) +h(x)y*(x) then:
=1+ i .

h(x)
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4. If RMS(K,L)=r(x) is the marginal rate of substitution between Ld & then 0 h:(0) - R,
continous on (@), h(x):%—l such that y'(x) =h(x)y?(x). Conversely, if0 h:(0)-R,
(X

1
X

continous on (&), such thaty'(x) = h( )§ X )Ythen: RMS(K,L)= .
X+ h@eds
0

5. If RMS(L,K)=r(Xx) is the marginal rate of substitution between Kl dn thenO h:(0) >R,
continous on (&), hx)=-(r'(x) +1) such thaty'(x) =h(X)y?(X). Conversely, if0J h:(0g) R,

continous on (), such thaty'(x) = h(x)y?(x) then: RMS(L,K):—T h(sds-x .
0

Proof.

1. From the theorem 1, considering,();)(9 and hg)=-o0-1 the first part of the assertion is proved.
X

Suppose now that there are g,l(0,R, continous on (&), h()=-xg(x)-1 such that
y'(X) =g)Y(X) + h(x)y*(x) . We have:

o x(y' 00+ y200) _ xlg00y0 +heoy200 +y200) - xla0ym) - xa0y>x0)
yO)L-xy(x)) yOOL-xy(x) yX)L-xy(x))
X900)Y(X)L-xy(x))

Lo
2. From theorem 1, consideringxg€ *;((X)) (X):_Tl(x) follows the first implication. Suppose
now that there are gh:6)-R, continous on (&), g(x)=-(Inh(x))' such that
y'(X) = 9(X)y(X) + h(X)y?(x) . We have: :i g(t)dt :—E(Id h(tj) 'dt =In hh((s)) from where:
Ig(t)dt h(0)
S Ih(;(h% . o TN s
£ hise” ds hE)

e '(x) _
——", h(X)=-
1-g.(X) 1-g.(X)
Suppose now that there are g,hx(0,R, continous on (@), g(x)=—(Inh(x))' such that

3. From theorem 1, consideringxd€ -

follows the first implication.

y'(X) = g(x)y(X) + h(X)y*(x) . We have: jg(t)dt-—j(ldh(tj) 'dt=In (()) from where:
oo h(©)
y(X)=- © - o hel 1 . Thereforeg, =1-xy(x);=1+ 1

Hdt h(0) Xh(x) h(x)
]S h(S)eJc;g( a ds _([ h@E)|— = he) ds
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r'(x)
r’(x)

4. From theorem 1, consideringxhs -1 follows the first assertion. Suppose now thatehsr

h:(0) - R, continous on (&) such thaty'(x) = h(x)y*(x). We have:d—zz h(x)dx from where
y

1

[ hed

S3as

X
l:-j hisds therefore: yk)=-+ 1 We have but RMS(K,L)1 YX) - o =
Yoo | hesds Xy(X) 1+ X
° | hexs
0

B 1

X +T h(s)ds.

5. From theorem 1, consideringxbré—(r'(x) +1) follows the first assertion. uppose now that thsre

h:(0) - R, continous on (@) such thaty'(x) = h(x)y*(x) . We obtain finally: yg)=- " - We
[ hisds
0
1 X
have but: RMS(L,K)=——-x =~ [ h(e)ds-x.
y(X) 0
Q.E.D.
4. Application
Considering the Cobb-Douglas function: Q(K,L)=AK® a(0,1) we have: g)=Q(x,1)=Ax",
q'(x)=Aax** from where: yx)=%=%, y’(x)=—%=—%y(x). From theorem 2, the functions
X

g(x)=—% and hg)=0 satisfying the hypotesis of the first assertitverefore:o=xg(x)=-1. Also, we

can write: y’(x)=—§y2(x). From theorem 2.2) follows that €O and h{()=—§ satisfying the

condition: g(x) = —|(Inh()())|' therefore:sK=—%=a. Analogously g =1-a. From theorem 2.4) we
X

have for h[()=—1: RMS(K,L)=- Xl == Xll = - 1X =( cx) . Analogously:
o X+ [ h@sps x—jads X—= aKx
0

RMS(L,K)= —)I( h(sds—x = T%ds—x =@ .

0
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