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1 Introduction

For Homo Oeconomicus (the abstract concept around which Adam Smith builds scientific edifice), the
ultimate goal is to achieve a maximum level of utility or profit with a minimum of effort. Regardless
of the time, circumstances, or players, maximizing the effects can only get in a perfectly competitive
scene, where responsibility of a efficient allocation of resources in a market have income, prices and
profits, guided by an “invisible hand” or the freedom to choose.

In this scene, in which resists the strongest stands up to and where competition leads to efficiency and
progress, the rules are quite tough, based both on their own actions and the anticipate the actions of
other players.. The game, in its dynamics may be perceived as uninteresting to the player on stage
(because he seeks only purpose), but it can also be interesting for the same player who withdraws from
the scene and analyze it from the perspective of the researcher economist.

Depending on the number, the economic power of economic agents (either producers or consumers),
the price elasticity of demand, the degree of mobility of factors of production, the market can be
divided into: perfectly competitive market, a model more theoretical and imperfect competitive market
where we meet market monopoly, monopolistic competition market and oligopolistic market, the latter
manifesting the actual scene of the market economy.

When we refer to a perfectly competitive market, the price can not be influenced, it is resulting from
the free play of supply and demand, the manufacturer aiming to maximize the production or cost
minimization knowing the identity R,,=Cn,=price maximizes profit. If we discuss monopolistic
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competition market, the monopolist is protected by barriers (natural and legal) to the entry of
competitors on the market, and he can maximize profits at a price determined by him.

Regarding oligopolistic market (duopoly) uncooperative, the question which is also subject to this
scientific approach is how does oligopolistic / duopolistic to maximize profit knowing that its
decision-making strategy depends on the behavior of other players, meaning a strategic interaction
occurs.

To answer the question above, we report on game theory, Cournot equilibrium and Nash equilibrium.

Elements of game theory provides us the tools required to formulate, analyze, structure and understand
the scenarios arising from strategic interaction.

A major contribution to game theory had John Nash, whose research is based on the absence of
cooperation assuming that each player acts independently without cooperation with other players.

Nash equilibrium is a holistic strategy and involves two or more players in which it is assumed that
each of them predicts the equilibrium strategy of the other players and no player wins nothing by
changing their strategy. Games can be with unique and optimal Nash equilibrium and also may be
games that allowed several Nash equilibria.

Cournot duopoly is characterized by symmetric role of companies, each agreeing to have the same role
in the market. The profit of each firm depends on the amount produced by the other company. The set
of options is optimal and it is the Cournot equilibrium occurs when maximizing profits for a given
level of production of competitor player. In this reaserch it is studied the delay Cournot duopoly and
dynamical behaviors of the game. The decision taken by a player at t+1 moment depends on the
decision taken by the other player at t moment, this making decisions more relevant.

2 The Cournot Equilibrium for Oligopoly
Let consider, for the beginning m firms F;, i=1,m with price function: p(Q)=a-bQ, a,b>0 and the total
cost of production being TCi=a,Q, i=1, m.

We assume that each firm assumes, successive a leading role. Consider therefore the reaction function
of the company F; to the others at a moment t:

A

Qi=f; (Ql,t—l’"'!Qi,t—11"'1Qm,t—l) vt21, i=1,m
where ~ means that the term missing.

If 31imQ,,=Q; Vi=1,m we shall say that the vector in R™ (QIQ;) is a Cournot equilibrium.

t—owo !
We ask ourselves whether this equilibrium exists, and if so, which yields the equilibrium productions
of the m firms.

Considering a fixed time t+1, the selling price of the products of a company F;, which assumes a
leadership role is determined both by its production at this moment, as well as other production
companies at the previous time t when the company F; has informations about the competitors.

Therefore, the selling price will be:
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m m
p ZQk,t +Qitn :a_bklek,t —bQ; 11
k=1 -

ki ki

At time t+1, the F; firm's profit is, for a quantity Q; ;-

m
lt+l Zth +Q| t+1 Qi,t+1 _TCi,t+1: a_bZQk,t - bQi,t+l Qi,t+1 _aiQi,H—l from where:
k=1

k#l ki

|t+l bQ|t+l+ a-— bszt A Qi,t+l

k¢|

The maximization of the F’s profit at time t+1 returns to the cancellation of partial derivative of profit

. : , . oI, m
with respect to its production at that time, so: — "% =_2bQ, ,, +| a—~b> Q,, —a; | =0 from where:
it+1 =

ki
a—o, —
Qi = Z—_Eklekt’ =1, m
k#i
In a matricial expression the above relations can be written as:
1 1 a—-a,
Qi1 0 . ) Qut 2h
SRR I =
ita [=|-= .. 0 .. —-= it [t '
Qita 5 5 Qi 5
Qum a1 —1 —1 .. 0 [\Qmt a-dp
2 2 2b
Noting now for simplicity:
1 1
0 -= .. ==
5 1 1 1
A= 1 . 0 . 1 =—1D+1|m whereD=| 1 ... 1 .. 1],
2 2 2 2
_1 _l 0 1 1 1
2
t
= o Qi e ', C= i B
Qt ( 1t Ql,t Qm,t) [ 2h 2h 20
we find that:

Qu1=AQ+C, =0
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Let now P(n): Qun=A"Q+(A™+...+A+1,)C, n>1 (where I, is the unit matrix of order m) — the vector
of the production of the m firms at a point t+n with n units of time offset to a reference time t.

How P(1): Qui=AQ+C is true, suppose that P(n) is true. We have: P(n+l):
Qun+1=AQuun+C=A(A"Q+ (A" ... +A+] ) C)+C=A"'Q+(A™+..+A+|)C — true, therefore, we have
proved by mathematical induction that:

Qun=A"QH(A™ +...+A+1,,)C, ¥Yn=0 V=0
In particular, for t=0 (reference to the beginning of the m firms), we obtain:
Q.=A"Qu+(A"+...+A+I,)C
We ask ourselves, naturally the problem of determining the vector Q.

Let us note first that the matrix A-l,, is invertible and:

-2m .. 2 .. 2
(A-Im)'l=i 2 .. -2m .. 2 =LD—2|m
m+1 m+1
2 .. 2 .. -2m

For the sum: A™"+...+A+l, we will take into account that: (A-l,)(A™ .. +A+l,)=A.. +A+A-A""-
mA-1,=A"-1,, therefore:

A" A+ L =(A-L) A1)

But we have: Anz(—%j (D—Im)"z(—%j i(—l)s(njD”‘s where [nj is the number of
s

s=0 S

combinations of n items taken by s. How D™*=m"*"D for n-s>1 follows:

An:i(.m+woj

n m

We therefore have:

i ) 1-2"m—@1-m) 1
A AL =(A-1 YA )= D D-2[ =1
= (Aln) (A ™) ( 2" m(m +1) 2" m

from where:

! 1 @-m) -1 m+1-2"m—(@1-m)’ (1 )
=A"Qu+(A"™+.. +A+1;)C= —Q, + ———~—-D DC-2 —-1|C
Qr=AQuH( mC= o Qo Pt 2" 'm(m+1) 2"

or, in other terms:

(Ql,n Qi,n Qm,n)t:
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t
1 1-m m m
2_n( o - Qo Qm,o)t ( ) (ZQKO ZQk,O ZQK,O]+
k=1 k=1
m m m t
m+1-2"m—@—m) ma—kZ:lak ma_gak ma_éak
2" 'm(m+1) 2b 2b 2b
t
z(in_lj[a—% L Hm]
2 2b 2b 2b
from where;

m+1-2"m—@-m)' | ma=3
Q _iQ +(1 m) ZQ ( ( )I kzlak)z(iljaai
tnoon e o 2"bm(m +1) 2" 2b
Because: lim — =0, IimaLH:ilim I=m) - 0|fm-=2- ,
n—w 2 nso  2"m mn—w=l 2 notexistsif m> 2
. m+1-2"m-(1-m)’ 2 2 1-m\'_|-2ifm=2 1
lim — =— - Iim( j =1 3 , lim 2(——) =-2
oo 2" tm(m+1) m+1 m(m+1)noe 2 notexistsif m>2 "= \2"
we finally have that:
a—2u, +0,
2 _ 3b PR
imQ, = —gDC+2C_ a+o,—2a, ifm=2
3b

notexistsif m> 2

We determined so that the process has limit if and only if m=2 so there is a duopoly, in which case we
have:

«  a—20,+0a,

Q, =

« _a+oy—2a,
3b Q2 3b

p=a-b Q) +Qp) = T2

- (a—20, +a,) T - (a+a,—2a,)
9% 9b

(a—20L1+oc2)2 _(a+0c1—2a2)2

Computing the difference: IT; —IT, = we get:
puting 1 2 % % g
(@a—20, +a, ) a+oy,—20, )
Hl —H2 — 1 2 1— 1 2
9b a—2o0, +a,
a+o, —20,

The requirement to IT; > IT, returns to: e (~1,1) which is equivalent to:

a—2o, +0a,
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2a—-o,—a,
a—2o, +0,

3(0‘1_%)
a—2o, +a,

>0

<0

o, +a,<2a o, +o,>2a

If a>2a, —a, the conditions become: { and if a<2o0, —a, to {

oy <0, oy >0,

In order to IT} > IT; from the same set of conditions, we have: 2+%1=2% (—o0,~1)U (L, 00) that is:

a—2o,+ao,
2a—o, —a
#<O
a—2o0, +0,
or

3oy —a

( 1 2) >0
a—2a,+a,

o, +o,>2a o, +o,<2a
If a>2a, —a, the conditions become: or ,and if a<2a, —a, to or

oy >0, oy <o,

Considering a system of axes Ooya.;, it follows that in the areas 1 and 2, the first company profit will
be strictly greater than that of the second company, and in the third region, the second company profit
will be strictly higher than that of the first company (figure 1).

If a=20,—a, then: TI;=0 and how IT,>0 follows, obviously that II; <IT,. Similarly, if:

a =20, —a, then: IT, =0 and how IT; >0 follows that IT, > IT,.
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Figure 1

3 The Cournot-Nash Equilibrium

Considering again the m firms above, we assume now that the firms act independently, the selling
price being the same for all firms, depending only on the total production.
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The profit function for the company Fy is therefore:
m JR—
Hk(Ql,---,Qn)z p(ZQiJQk — o, Qy, k=1,m
i=1

The condition of profit maximization implies:

aHk_ ‘ m - m Al _
an_p(ngij_Fp[%Qlj Oy 0

which is equivalent to:

Qx +§:Qi =3 % ' k=1,_m
i=1
m ma_zai
Adding the m relations follows: - =——=L__ from where, finally:
9 ZlQ (m=1p y

a—(m+1o, +§:ai
i=1

= =L k=1,m
Q (m+1b
The total price is:
o a+y a;
*: y = i=1
p p(kZ_lej M+l
and the profits of companies:
m m 2
a+>a, [a—(m+1)ock+2(xij
1, (Q;,....Q. )= =2, Q= =1
k(Ql Qm) m+1 k k (m+1)2b
For m=2 we have:
«_A=20,+0, o« A—20,+0,
Ql - 3b ’ Q2 - 3b
total price: p'= M% and firms profits:
* % a—2o,+a,) « «\_(a-20, +a, )
Hl(Ql,Qz)=(+2), HZ(Ql,QZ):M

9b 9b

It is noted that at equilibrium the two companies will have the same optimal amounts and record the
same profits as if taking in the leadership analysis.

Comparing with the first case, when at the time n for two companies (m=2), we have:

_1+(-1) (-1 -1 202" + (1)l (322 4 (1) oy — (8- 2" + (-1) ks,

Qun i Qo+ ol Qa0 + 3.071p
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(C1) -1 14 (-1 202" +(~1) " h—(3- 2"+ (~1) oy +(3— 272 (<) o,
Q2,n: 2n+l Q1,0+ 2n+1 Q2,0+ 3_2n+lb
we obtain:
0 _Q,<:1+(—1)”Q +(—1)”—1Q +2(—1)n+1a+(3+(—1)n)ocl—(3+(—l)n+l)cxz
Ln 1 2n+l 1,0 2n+1 2,0 3. 2n+lb
. (1) -1 1+(-1) 2(-1)"a -3+ (-2)"* 3+(-1)
Q- - g, g 20 (+<3.;n+1)§1+(+< Vb

As a result, for n=odd, we have:

« atoy—2a,-3bQ,,

« a—2ay+a,—-3bQ,
Ql,n Q, 3.2"p =

 Qen = 3.2"b

and for n=even:

a+oy —2a, —3bQ,,
3-2"b

a—2a, +a,—3bQ,,

3.2"b Qun = Q==

Ql,n _QI ==

From the above, the following conditions are observed:

220+, 8% 01220 hen ot odd moments Q. >Q, Q,,>Q;, and

3b 3b
then at even moments: Q, , <Q;, Q,, <Q;;

Case 1. If Qo< , Qup <

a—2o, +0,
3b
then at even moments: Q, , < Q;, Q,, > Qy;

a+oy

Case 2: If Q< , Qa0 >3—gm2 then at odd moments Q,, <Q;, Q,,>Q5, and

a—2o, +0,
3b
then at even moments: Q,, >Q;, Q,, <Q;;

a+aoy

Case 3: If Qo> , Qa0 <3—;h2 then at odd moments Q,, >Q;, Q,,<Q;, and

a—2o,+a,
3b
then at even moments: Q, , >Q;, Q,,>Q,

8+ =205 won at odd moments Qu,<Q, Q,,<Q;, and

Case 4: If >
Q1o ™

’ QZ,O >

Following these considerations, we see that if all firms assume successively the leadership role their
outputs can switch on both sides of the equilibrium (if in the case of the existence of the limit or in the
contrary case).

More specifically, however, if the initial yields are sufficiently small (large) compared with
a—2a,+0, and
3b

a+o,—2 . .
%1 7 2% respectively, the the production alternates at odd or even moments.

If, however, the initial production of a firm is sufficiently small and the other’s large enough, then
those with low initial production will be directed upward (at any time) to the equilibrium production,
whereas those with higher initial production will down to the equilibriu.
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The consequence of this is that the company with a higher initial production will not give leadership to
the other, preferring to ignore the actions of others and maintaining a constant production.

Now consider a situation in which a new company F.; enters on market and having marginal cost
MC=a,m+1. The new equilibriums are:

a—(m+2)ock+ioﬁi+ocm+1 o

* _ i=1 -
Qnew,k - (m+ 2)b ’ k 11

a—(m+ Do+,

* — i=1
Qnew,m+1 (m + 2)b

m
If before the entry of the new firm the total ammount was: Q,, = >.Qy :ﬁ now we have:
K=1 m+

m
(m+1)a_zai — Oy
=1 . The difference between the new and the old

m
* *
Qnew = ZQnew,k + Qnew,m+l =
k=1

1
(m+2)b
ammount is:
m
a+zai _(m+1)am+1
_ _ i=1
Qnew Qold (m +1)(m N 2)b
m
) it a+Zoci+0Lm+1
the total price being: poe, = p[ ZQKJ =—1=L__ with the difference:
k=1 m+2

m m
a+) o +0y,, a+y.q
=) _ix

m+2 m+1

= _b(Qnew - Qold)

* *
pnew - pold =

Also for the profits:

* *

1_[new,k (Qnew,li e 7Qnew,m+1

i=1

(m+2fb

): (a—(m +2)a, +§:0Li +ocm+ljz -

(a —(m+2)a,,,, + gaijz

(m+2)b

* *
1_[new,m+1 (Qnew,17 e ’Qnew, m+l):

and:
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.
(m+1F(m+2)b

(m+1)2ar2n+1+2(m+1)2[(a+iai}—(m+2)akjam+l—(a+i§£aij{(2m+3{a+iaij—2(m+l)(m+2)akﬂ

1 Hold,k =

new,k
i=1

Considering the equation of degree Il in o,.; We have its roots:

m

n (2m? +4m + 1o, —(2m+3) a+ Y a,

a+2 0 1
_ i=1 " _ 1# 1 n

Oma= ml+1 v O = (m+1) ! OLm+l<oc m+1-*

In order that: IT,,, , >T1,4, We must have that:

i=1

a+§:ai 2(m+1)(m+2)ak—(2m+3)(a+iaij

a. ., el—oa ula" ., ,0)=| —oo, ] , 00
m+1 ( m+l) ( m+1 ) m+1 (m+1)
Casel
m
a+y o,
i—1 * * —_
0Lm+1 < m|+1 :>Qnew >Qo|d1 pnew<pold’ 1_Inew,k >1_Iold,k Vk_l'm

so if the new company will have a marginal cost small enough, then the total output and profits of the
old firms will grow, the selling price dropping.

Case 2

m
a+y. o

i:]. * *
Olpyg > m4+1 = Qnew < Qold’ pnew > pold* and

(2m+3) a+ ioci +(m+Doy,,,
i=1
izk

and

Hnew,k >rIoId,k If OLk <

2m? +4m+1

m

(2m+3) a+ _Z;,OH +(m+1o,,,,
i=
i=k

2m? +4m+1

1_Inew,k <Ho|d,k if Oy >

If the new company will have a sufficiently high marginal cost, then the total production will decline,
the selling price will increase and firms with sufficiently low marginal costs will increase their profits,
while those with higher marginal costs declines in returns.
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Case 3

m
a+y o o

_ i=1 _ * _ * _
0Lm+1 - ml+1 = Qnew - Qold’ pnew - poldf Hnew,k = Hold,k VK_L m

When entering a new firm with marginal cost exactly determined by the cost of other companies,
according to the formula above, both total production and the selling price and profits old companies
will remain constant.
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